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What are those quantum designs?
Let’s start with

Combinatorial design: system of sets having symmetry

1 2   4
2 3   5

3 4   6
4 5   7

1       5 6
2       6 7

1 3 7



Quantum designs
Spherical t-designs

Quadrature on a sphere
Accurate for polynomials up to order t

Unitary designs
U(d) – group of unitary d × d matrices
f(U) – homogenous function
If

for all f(U) of degree t in U and U*
then X is a unitary t-design

This is also a quadrature!



A sub-problem: difference multisets

Difference set {0,1,4,6} in ℤ13 Difference multiset {0,1,1,4,4} in ℤ5



Notation and questions

• (v,k,l)-difference multiset – a multiset of size k that
produces each element of group G (|G|=v) exactly l
times as difference of multiset’s elements.

{0,1,1,4,4}  produces each of v=5 elements of ℤ5={0,1,2,3,4} exactly l=4 times.

• For which v,k,l do difference multisets exist and when
don’t they exist? 

• What are the constructions of difference multisets?



Step 1: Computer search



Computer search results

• For some parameters there are multiple, for some there
are none… It’s not easy to notice a structure.

• There’s a lot of difference multisets over ℤ3.

• Let’s focus on those ℤ3 difference multisets!



Next step: Analytic approach

But for which k can we find non-negative integers ni and nj that satisfy this?



Improve computer search

𝑘 − 2 𝑘

3
≤ 𝑛𝑗 ≤

𝑘 + 2 𝑘

3

….

There are difference multisets over ℤ3 for
k=3,4,7,9,12,13,16,19,21,25,27,28,31,36,…

How are these values special?



Ask, and it will be given to you. 
Seek, and you will find.



Löschian numbers. Is there a link?
𝑘 − 2 𝑘

3
≤ 𝑛𝑗 ≤

𝑘 + 2 𝑘

3
Recall:

Let’s consider multiplicities as «average plus something»: 𝑛𝑗 =
𝑘 + Δ𝑗
3

If 𝑘 = 𝑎2 + 𝑎𝑏 + 𝑏2 then the following values of D makes the value under
root a perfect square:

and at least one of them makes whole expression take an integer value.



What about the opposite direction?
Thus k being a Löschian number turns out to be enough for this to work.

But are there other difference multisets? Or is k always a Löschian number if
a difference multiset exists? 

Attempt 1: Check the computer search results.
-- Nope, difference multisets only exist for Löschian k.

But I got stuck and couldn’t prove what seemed to be correct.



Ask for help! stackexchange.com



Put it all together, draw conclusions, 
clean it up… the final result is here!



Thank you for your attention!
Any questions?


